Recent studies reported that the theoretical predictions of the effective thermal conductivity of nanotube-based composites by conventional micromechanical models are anomalously higher than those measured experimentally and suggested that the contact resistance on the interface could be the contributing factor to the lower measured value. We explore theoretically whether the large disagreement could be attributed to the effect of Kapitza contact resistance. Our simulations show that the thermal contact resistance on the lateral surfaces of the nanotubes could not be a major factor of this marked disparity. By contrast, the heat transport mechanisms at the ends of the nanotubes could be a significant factor to influence the value. We propose a few simple models to simulate the thermal conductivity at the ends of the nanotubes, similar to two springs in serial and/or in parallel. Under the propositions, we find that the experimental data can be better predicted than the conventional theory and that the tube-end transport is, in general, poor.
I. INTRODUCTION
Carbon nanotubes have drawn enormous amount of basic research because of the unique properties enabled by their nanoscale structure. [1] [2] [3] Particularly, carbon nanotubes have unusually high thermal conductivities, axial Young's modulus, and high strength. Among various applications, the development of nanocomposites based on carbon nanotubes is a promising direction in nanotechnology. For example, carbon nanotubes have been embedded into polymers, epoxy resins, or silicone elastomer to get materials with good electric and thermal transport properties. [4] [5] [6] [7] [8] Recent experiments revealed that the effective thermal conductivity of carbon nanotube composites can be dramatically enhanced even with a very small amount ͑less than 1 vol %͒ of nanotubes. 7, 8 As such, it would be desirable to have a simple theoretical model to characterize the thermal transport behavior of carbon nanotube composites. In a recent Letter, Choi et al. 7 studied the effective conductivity of a nanotube-fluid suspension. They found experimentally that at 1 vol % fraction of nanotubes the effective conductivity of the system can be dramatically enhanced, k * / k 1 = 2.6. With the thermal conductivity of nanotubes k 2 at 2000 W / m K and that of the oil ͑the matrix͒ k 1 at 0.1448 W / m K, the conventional theoretical predictions [9] [10] [11] [12] [13] using spherical inclusions give the ratio k * / k 1 = 1.03. This means that the measured data is much greater than that given by the theoretical models using spherical inclusions. Since nanotubes are not spherical and they are randomly oriented in the matrix Nan et al.
14 later incorporated the effect of the aspect ratio of the nanotubes and their random orientations, and found that a conventional effective medium theory similar to Maxwell-Garnett approximation could lead to a higher estimate and give reasonable agreement with the experiment if one adopts the conductivity ratio of k 2 / k 1 = 500. However, if we adopted the phase conductivity data suggested by Choi et al., 7 namely k 2 / k 1 = 13800, the theoretical prediction 14 now gives k * / k m = 47.041, a factor of ϳ18 larger than the value measured experimentally. As remarked by Nan et al. 14 and others, 15, 16 the marked disparity between the predictions and the experimental observation may be due to the interfacial contact resistance between the matrix and the nanotubes, as the presence of nanotube/matrix interfacial thermal resistance may result in an energy loss and subsequently lead to a degradation in the effective thermal conductivity. The objective of this work is to assess theoretically whether the effect of thermal contact resistance is a major source of this large discrepancy and, if not, to propose a model that can better predict the effective conductivity of this high-contrast problem.
II. THE KAPITZA CONTACT ON THE LATERAL SURFACE
To develop such a model, we have performed a theoretical analysis which incorporates the mechanism of Kapitza thermal contact resistance 17 along the interfaces of the phases. We assume that both phases ͑the nanotubes and the matrix͒ obey the Fourier's law of heat conduction, in which the thermal conductivities of the matrix ͑phase 1͒ and the nanotube ͑phase 2͒ are represented as k 1 The mechanism of Kapitza thermal contact resistance assumes that the normal component of the heat flux is continuous across the interfaces, while the temperature T undergoes a discontinuity which is proportional to the normal component of the heat flux through an interface parameter ␤
where n is the unit normal on the interface ⌫ defined by the inclusion to the matrix. Specifically, the thermal contact resistance can be constructed by a limiting process by assuming a thin interphase between the two phases with low conductivity. 18 The constant ␤ is non-negative and has the dimension of conductivity divided by length. The case of ␤ → 0 is usually referred to as the "adiabatic" boundary condition, while ␤ → ϱ represents the perfect bonding condition. We now consider a nanotube-based composite with carbon nanotubes randomly dispersed in a matrix. In analyzing the thermal transport behavior, an effective medium theory based on dilute approximation was employed to determine the effective thermal conductivity. This theory, which simulates the composite as a single inclusion embedded in an infinite medium, is well suited in modeling the nanotube-based composite, particularly when the volume concentration of the inclusion phase is very small. To proceed, let us introduce a thermal intensity influence tensor T, which is defined as the average of the thermal intensity of the nanotubes versus the uniform intensity H j 0 applied on the boundary. Also, let us define a jump factor J in the following
The geometry of the nanotube is simulated as a prolate spheroid characterized by an aspect ratio. As in micromechanical estimates, the corresponding dilute influence function can be written in terms of some elementary functions for a prolate spheroid. 19 The effective thermal conductivity k * of the composite, with thermal contact resistance on the interfaces, can then be derived in the form
where c ͑ϵV 2 / V͒ is the volume fraction of the nanotubes and the angular bracket ͗·͘ stands for an average for all orientations of the nanotubes. Typically, nanotubes 7 have a mean diameter of ϳ25 nm and a length of ϳ50 m, which is nearly equal to an aspect ratio of 2000. Now, upon substitution of formulas of T and J into ͑3͒, the effective conductivity of the nanotube-based composite can be derived as
where the constant a denotes the radius of the nanotube. To check the obtained formula, we first reduce the formula ͑4͒ to the perfect bonding situation by letting ␤ → ϱ and k 2 ӷ k 1 . Interestingly, this exactly recovers Eq. ͑9͒ of Nan et al.
We mention that if one assumes that the inclusion is of spherical shape, the present dilute approximation gives k * / k 1 =1+3c, which also exactly agrees with the MaxwellGarnett formula 14 and also agrees with Maxwell, 9 Jeffrey, 10 Hamilton and Crosser, 11 Davis, 12 and Lu and Lin, 13 for k 2 ӷ k 1 to the order of O͑c͒.
Back to ͑4͒, to examine the effect of thermal contact resistance we have made numerical calculations for k * for various ␤ ranging from ϱ ͑perfect bonding͒ to zero ͑debond-ing͒. To our surprise, the effect of thermal contact resistance is not significant. Specifically, both the cases of ␤ = 0 and ␤ → ϱ yield the same value ͑5͒, but the value k * varies in between with no more than 6% for different values of ␤ and for different ratios of k 2 / k 1 . In particular, we notice that for a spheroidal tube with an aspect ratio greater than 100 the estimated conductivity ͑3͒ is nearly the same with that of a system consisting of infinitely long nanotubes. This, of course, is not realistic as the nanotubes are, in fact, surrounded by the matrix, though the nanotubes have very large aspect ratios. In real situations, heat could actually transfer from the ends of the nanotubes into the matrix, and conversely. In fact, under the micromechanical models the effective thermal conductivity in the tube direction for an aligned composite ͑see Fig. 1, case 1͒ , designated as k ʈ , is estimated to be nearly
where k V also stands for Voigt's estimate. Note that for k 2 ӷ k 1 , k ʈ = ck 2 , thus the behavior of k ʈ is similar to that of two springs in parallel, while in the transverse direction it is approximate to k Ќ = k 1 ͑1+2c͒. By taking the orientational averages over all possible directions of k ʈ and k Ќ , ͑5͒ can be reconstructed. The value of k ʈ suggests that along the tube direction the heat transport is transmitted perfectly between the tube ends and the matrix; i.e., the thermal intensities in the nanotubes and in the matrix are the same. We conjecture that the large discrepancy between the theoretical predictions and the experimental data is mainly due to the fact that the value of k ʈ is overestimated in the conventional micromechanical models. These observations also reflect that the marked disparity is not due to the thermal contact resistance FIG. 1 . A schematic illustration of the conduction mechanism at the ends of nanotubes. Case 1 is close to that simulated by micromechanical models; case 2 is the proposed opposite extremity which is similar to two springs in serial.
͑i.e., the ␤ effect͒ on the lateral interface but could likely be attributed to the transport energy loss on the tube ends that has not been accounted for in the conventional micromechanical models.
III. PROPOSITIONS FOR THE TUBE-END TRANSPORT
A more realistic modeling in simulating the transport behavior of the tube ends is to consider the nanotube as a cylindrical inclusion with a finite length in which the tube ends are covered by hemisphere caps, and then examine the ␤ effect on the tube ends. But to solve such a boundary-value problem, it would have to call for some complex mathematical formulation. For the simplicity of studying the transport characteristics of the tube ends and to provide a simple justification to support our conjecture, we now assume that the conduction behavior along the tube direction is similar to two springs in serial; that is, the heat flux along the tube direction is the same in the nanotubes as well as in the matrix ͑see Fig. 1 , case 2͒. This is the opposite extremity in contrast to that simulated by the micromechanical models ͑Fig. 1, case 1͒. Under this assumption, the effective thermal conductivity along the tube direction for an aligned composite ͑Fig. 1, case 2͒ is approximated as
where k R also stands for Reuss's estimate. This tube-end conductivity ͑7͒ allows us to determine the 33 components of the thermal intensity influence tensor T 33 as
While in the transverse direction, the components of T and J are still extracted from the conventional micromechanical approach 20 as those for k * . Upon substitution of these back ͑3͒, carrying out the orientational average, we can derive the averaged effective conductivity as
Here, in distinction with the conventional micromechanical estimate k * , ͑4͒, we have designated this value as k ∧ . Note that for both k * and k ∧ , the Kapitza contact was not considered in the tube ends but only on the lateral surface. This is due to the reasoning that the micromechanical models treat a high-aspect-ratio-say, larger than 100-spheroidal inclusion as an infinite long cylinder, and thus the ␤ effect could not be incorporated in the formulation. To unravel the implications of ͑4͒ and ͑9͒, we have made numerical calculations for k * and k ∧ for various ␤ ranging from ϱ ͑perfect bonding͒ to zero ͑debonding͒. As anticipated, the values of k * and k ∧ do differ a lot for each ␤ value, while, by contrast, the effect of thermal contact resistance on the lateral surface of the nanotubes is rather minor. That is, for different ␤, the values of either k * or k ∧ do not vary much ͑within 6%͒ for different ratios of k 2 / k 1 . Since both k * and k ∧ are relatively insensitive to ␤, we simplify ͑4͒ and ͑9͒ by letting ␤ → ϱ for convenience of application and making use of the fact that k 2 ӷ k 1 . Under the simplications, ͑4͒ will exactly recover Eq. ͑9͒ of Nan et al., 14 while ͑9͒ is simply given by
We note that we did not claim that the estimate of k ∧ is a better prediction nor a better lower bound, but rather that the estimate of k ∧ simply serves here as a justification of our conjecture that the real tube-end transport phenomena is not perfect and is, in fact, rather poor. Since the conventional micromechanical estimate for the axial conductivity along the tube ends k ʈ is analogous to that of Voigt's estimate, while the present series model for k ʈ is like Reuss's assumption in that direction, this suggests that the real effective behavior must lie somewhere between these two predictions. To further explore the significance of k ʈ , we now follow a recent idea proposed by Chiang and Weng 21 in their examination of Hill's 22 theory of composite elasticity and simulate the value of k ʈ by the arithmetic mean, the geometric mean, and the reciprocal mean based on the Voigt's and Reuss's estimates of k 1 and k 2 , i.e.,
.
͑11͒
As for k ∧ , the components of T and J in the transverse direction, counting the effect of ␤, are still extracted from the conventional micromechanical approach and the effective conductivity is derived by incorporating the orientational averages, while the component of T 33 follows the step as in ͑8͒.
For clarity, we designate the resulting effective conductivity of nanotube-based composites based on these three different mean values for k ʈ , as k A , k G , and k Re , respectively. The explicit forms for k A , k G , and k Re can be derived as
where the constants A, B, C, and D are defined as A = 1 2
The variations for these predictions are demonstrated in Fig. 2 which shows a comparison for ͑10͒ and ͑12͒ and the real experimental data from Choi et al. 7 on nanotube suspensions in which the phase conductivities is suggested as k 2 / k 1 = 13800. Again, we found that the ␤ effect is rather minor and, as expected, the experimental data 7 are indeed bounded between the values of k * and k ∧ . Particularly, we observed that the reciprocal model k Re is closer to the experimental data than the others and could possibly serve as a good estimate. This suggests that the tube-end transport is, in general, poor, which confirms our earlier conjecture, and thus the conventional micromechanical model as suggested by Nan et al. 14 could give an unexpected high estimate.
IV. CONCLUDING REMARKS
In summary, conventional micromechanical estimates k * predict higher thermal conductivity in nanotube-based composite than what is actually measured in experiments. We have demonstrated that the thermal contact resistance along the lateral surfaces of the nanotubes could not be a major factor in this. By contrast, depending on the thermal transfer mechanisms at the ends of the nanotubes, the effective conductivity could vary significantly. In this work we simulated the conduction behavior at the ends of the nanotubes by a two-spring model in serial. A simple formula for the effective conductivity k ∧ based on this proposition has been derived. It turns out that the experimental data fall into the range between k ∧ and k * but are much closer to k ∧ . The present study suggests that conventional models may still work in nanoscaled composites, but the conduction phenomena around the tube caps ͑ends͒ need to be properly simulated. The present modified micromechanical approach offers a simple method to characterize the tube-end transport behavior qualitatively and to explain the much lower experimental data as compared to the estimate of the conventional micromechanical models. Of course, the proposed modifications still do not have a rigorous physical basis, but our analyses strongly point to the implications that the tube-end transport is poor. We hope that the present study may interest further investigations on the likely transport mechanisms on the tube caps experimentally, or from the standpoint of atomic or molecular dynamic simulation. 
